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The joint analysis of results from different experiments to identify complex patterns or to 
improve statistical power is a typical objective of data integration. Here we consider the 
case of a set of markers 𝑚 = 1,… , 𝑛 whose effect has been tested under different conditions 
𝑘 = 1,… , 𝐾. Each marker 𝑚, therefore, consists of a vector of 𝐾 critical probabilities. The 
analysis aims to identify the elements that have an effect in all the conditions or in a 
predefined subset of conditions. The critical probabilities must then be flexibly combined 
to explore complex hypotheses (known as composite hypotheses) while controlling the 
false positive rate.
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Application
Dataset from [1] consists in : 
• 289 cucumber 

lines/landraces/hybrids 
• Resistance to 6 viruses
• Genotyped at 300K SNPs

Which SNPs are associated 
with resistance to at least two 
viruses?

Framework
We consider a set of markers 𝑚 = 1,… , 𝑛 whose effects has been 
tested under different conditions 𝑘 = 1,… , 𝐾.

We note 𝒞 = {𝑐 = 𝑐1, … , 𝑐𝐾 , 𝑐𝑘 ∈ 0,1 )
the set of 𝟐𝑲 configurations of the marker 
effects across the conditions.

This set can be split into:
• the configurations of interest 𝓒𝟏, and 
• the configurations under the null 𝒞0 .

For each marker 𝑚 , we have access to the p-value 𝑷𝒎𝒌 from the 
association test of marker 𝑚 in condition 𝑘.

We define the z-score 𝑍𝑚𝑘 as : 
𝒁𝒎𝒌 = −𝜱−𝟏(𝑷𝒎𝒌)

where Φ stands for the standard Gaussian cumulative distribution 
function.

Model

Each marker 𝑚 is described by a configuration label 𝑳𝒎∈ 𝓒.
And each z-score profile 𝒁𝒎 = 𝒁𝒎𝟏 , … , 𝒁𝒎𝑲 arises from a mixture 
model with 𝟐𝑲 components defined as follows:

𝒁𝒎 ~෍
𝒄 ∈𝓒

𝒘𝒄𝝍𝒄

where : 
• 𝜓𝑐 is the distribution of 𝑍𝑚 conditionally on 𝐿𝑚 = 𝑐
• 𝑤𝑐 = ℙ(𝐿𝑚 = 𝑐)

We assume that all distributions 𝜓𝑐 have the following form:
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𝑓0
𝑘 𝑍𝑚𝑘 ෑ
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𝐾 𝑍𝑚𝐾 )

where : 
• 𝑓0

𝑘 (resp. 𝑓1
𝑘) are the distributions of 𝑍𝑚𝑘 conditionally on 𝐿𝑚𝑘 = 0

(resp. 𝐿𝑚𝑘 = 1)

• 𝐹0
𝑘 (resp. F1

k) are the cumulative distributions of 𝑓0
𝑘 (resp. 𝑓1

𝑘) 
• 𝒄𝜽 is a copula of parameter 𝜽 accounting for the dependency 

structure between the 𝐾 z-scores

Testing procedure

Context

Trait 1 Trait 2 Trait 3

Marker a effect effect effect

Marker b no effect no effect no effect

Marker c effect no effect no effect

Marker d no effect effect no effect

Marker e no effect no effect effect

Marker f effect effect no effect

Marker g effect no effect effect

Marker h no effect effect effect

2-step inference procedure

Step 1: infer the distributions 𝒇𝟏
𝒌

Each distribution 𝑓1
𝑘 is inferred by analyzing each test series separately.

We fit the following mixture model on each set of z-score (𝑍𝑚𝑘)1≤𝑚≤𝑛 :
𝒁𝒎𝒌~𝝅𝟎

𝒌 𝒇𝟎
𝒌 + (𝟏 − 𝝅𝟎

𝒌) 𝒇𝟏
𝒌

where:
• 𝜋0

𝑘 is the null proportion relative to the test 𝑘
➢ ො𝜋0

𝑘 = [𝑛 1 − 𝜆 ]−1| 𝑚: 𝑃𝑚𝑘 > 𝜆 | with 𝜆 = 0.5

• 𝑓0
𝑘 is the distribution of 𝑍𝑚𝑘 conditionally on 𝐿𝑚𝑘 = 0

➢ by definition, 𝑓0
𝑘 = ϕ the standard Gaussian distribution

• 𝑓1
𝑘 is the distribution of 𝑍𝑚𝑘 conditionally on 𝐿𝑚𝑘 = 1

➢ መ𝑓1
𝑘 is inferred in non-parametric way (kernel method)

Step 2: configuration priors 𝒘𝒄 and copula parameter 𝜽 estimation

The estimates መ𝑓1
𝑘 are directly plugged into the mixture. 

The inference of the weight 𝑤𝑐 and the copula parameter 𝜃 is performed using a 
standard EM algorithm. 

• E step : Estimation of latent variables 𝐿𝑚𝑐

• Ƹ𝜏𝑚𝑐 = ෡ℙ(𝐿𝑚 = 𝑐 |𝑍𝑚; መ𝜃) =
𝑤𝑐𝜓𝑐

෡𝜃 𝑍𝑚

σ𝑐∈𝒞 𝑤𝑐𝜓𝑐
෡𝜃 𝑍𝑚

• M step : Inference of 𝑤𝑐 and 𝜃
• ෝ𝑤𝑐 =

1

𝑛
σ𝑚 Ƹ𝜏𝑚𝑐

• መ𝜃 is the maximum likelihood estimate

Let 𝑐𝑚 be the (unknown) configuration of the marker 𝑚, we perform the following 
test : 

𝐻0: 𝑐𝑚 ∈ 𝒞0 vs      𝐻1: 𝑐𝑚 ∈ 𝒞1

Once marginals and priors are estimated, one has access to the posteriors
probabilities 

ො𝝉𝒎 =෍
𝒄∈𝓒𝟏

෡ℙ(𝐿𝑚 = 𝑐 |𝑍𝑚)

That can be used as a test statistic, with associated p-value

෣pval𝒎 =
𝟏

𝒏𝑾𝟎
෍

𝒋=𝟏

𝒏

𝟙 ො𝝉𝑗>ො𝝉𝒎
(1 − ො𝝉𝑗)

where 𝑊0 = σ𝑐∈𝒞0 ෝ𝑤𝑐

Conclusion
We proposed a composite hypothesis 
testing procedure using a multivariate 
mixture model. 
Applications on simulated data have 
been carried out, with promising results 
both in terms of false positive control 
and detection
All the methods presented are available 
in the R package qch available on the 
CRAN.
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